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A- PRSLIMINAEY OESOESTIGAL S1WI 03? AEEODJOKMIG 

^STABILITY OF A EW0-3LAEB HELICOPTER ROTOR 

By Robert P.   Coleman end Carl V.   Stempln. 

SOMMfiEX 

A theory has been developed in preliminary form which, seems 
capable of predicting the aerodynamic instability phenonssna of a 
two -"blade  aee-eav-type helicopter rotor.    In particular,   the  theory 
Indicates .the possibility of unstable vibrations even with the 
chordvise center of mass at or ahead of the 25-percent- chord 
position. 

The stability condition for oscillatory motion ia expressed 
in terms of a small number of composite parameters that are evalu- 
ated from the moments of inertia,  angle settings, and aerodynamic 
parameters of * a "blade,. 

Computed stability results for different coning angle settings, 
center-of-mass positions;  and control-system stiffnesses for 
one value of blade density and aspect ratio are presented in a 
chert. 

It is found that,  in addition to parameters analogous to 
those occurring in wing-flutter theory,  the present the.v.?y contains 
a paramoter that represents'an. uhstabilizing effect due tc the dif- 
ference between the moments,of inertia in flapping and- in rotation. 

XNT3GDUCTI0K 

The present preliminary paper presents some numerical results 
of flutter calculations for. a two-blade helicopter.    *Ühe results 
are published in preliminary form in order to maie the in more quickly 
available for possible application to the study of the phenomenon 
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of blade "weaving," which Is apparently an aerodynamic instability 
and has been called -weaving from the appearance of the -wavy path 
traced oj  the blade tips. The general method, -which is an exten- 
sion of the method of reference (l), is to be treated In more 
detail in a later report. Derivations and discussions of the/ method 
have consequently been largely omitted in the present paper. Several 
effects are omitted -which undoubtedly influence the quantitative 
results but are believed to be unessential in a preliminary study 
of treads. 

METHOD OF ßliXLXSIS 

The computations are intended to apply to a helicopter having 
two rigldlv connected blades sot at a coning ancle and pitch setting 
vith respect to each or.her. The combined blades aro treatod as a 
slnglo rigid body having three degrees of freedom in rotation about 
a fixed point at the hub. 

The air forcos aro obtained from a blade - element analysis 
using the wing flutter theory of r of or once 2 but using the thoo- 
re-cical stoady state value for tho slope of the lift curvo instead 
of tho complex function F + iG. Tho effect of a flexible control 
--system Is represented by a spring In the blade feathering dogroo 
of freedom. 

In tho air-force torms, the noncirculatory and the circulatory 
terns are considered separately. Tho noncirculatory terns arc 
treated as apparent added mass and moment of inertia and combined 
;-ith the actual blade mass to obtain resultant blade, contort of- 
mass and moment-of-inertia parametors. 

The equations of motion are obtained by first "writing tho 
Euler equations of motion for each blade, considered as a rigid 
body rotating about a fixed point. The air-force terms aro expressed 
in terms of the angular-volocity components that occur in Eulor*e 
aquations. 

The equations for two blades aro thon combined in a "way to 
represent a single rigid body.' The two blades aro Jointed at 
fixed angles vith respect to each other and in such a way that tho 
respective lines of center of mass Interfiopt in a point at tho hub. 
Tho coordinate axes of Eulor*s eq.-^atior^ are then transfc.-.-.od to 
a:^es rot:-.aix.g uniformly with tho mean blade motion. A spring- 
stiffness toim is then inserted to reprosont tho effect of tno con- 
trol system.. 
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Vhen the various physical parameters hare "been combined into 
a smaller numb-r-r of composite parameters to be defined in the fol- 
lowing section of zne  report> the equations of motion in matrix 
form hr>co^3e; - 

0      0 3>   -rr 

5 -1 ° 

Ü 

L _° ° §J 

E^» 0 0 

0  0 0 

0  0 0 

r i 
e i 

f = o 

.d 
where 

6, ß, 7   feathering, flapping, and lagging angles, respectively 

dt 

Q       mean angular velocity of rotor 

and fie other symbols are, defined in the section, Physical Parameters 

If solutions are assumed of tha form 

...... *- V^-  ... 
ß - Aße 

XQb 

where. -Ag,    Aß, Ay    are constants, the dsterminartal equation for 

obtaining the values of X is 



NA.CA RM No. L6H23 

X2 + EpX + IA + V  -*-(} -  JA) - % 

(i - *B) + H- LB X* + %X + IB 

0 X2 + H-gX 

« 0 

The equation shows that the 7 degree of freedom is independent 
of the others and need not be considered in the stability computa- 
tions. 

If the determinantal equation is expanded, a quartic in X is 
obtained of the form 

h ^    2 X +  aXJ +• bX + cX + d m  0 (1) 

•where 

a = HB + % 

»-% + (XA + V)% + C1 - %)% + (X - XA)HB 

a- (iA + Ke')iB + HBHD 

for which the important stability condition for oscillatory motion 
is 

c2 - abc + a2d < 0 

or 

-HBH3Ä'2 + (% 
+
 
H
D) (I-H^-IAI^HBK^« - (% + %)2 (l-IB)V < 0 



NAC& Ruf No*  L6H23 

Shis can "be -written 

v%%> 
V   % /j 

(2) 

The critical condition for (Liverpolice is recognized fron equa- 
tion (i) aa d » 0; "bat no further discussion of this type of 
instability vill be siren in "the present paper. 

RE SISAL PÄEAME33BS 

General Case 

The final stability conditions are erprossed in terms of 
certain composite parameters that are obtained from ether basic 
parameters as fcllousi Let A, B,  C  denote the principal 
moments of inertia of a single blade (in a vacuum) about rrdial, 
chord-wise, and perpendicular a:i.es, respectively. The apparent 
added mass effect changes B to fs(l + K), -where K is the 
ratio of the raues of a cylinder of air of a diameter e-i";<?l to  the 
chord of the L3.ade to th-; mass of the blade, both .tafceü for egual 
length- along the span. A suitable average value applies to i.epereö. 
blades, . . 

The effect of apparent added mass on A end C has been 
neglected in the present computations. 

The folio-wing parameters involve tta circulatory air force 
expressions for a single blade: 
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El =   " 

\* 

ßitp^ar2 dr 
(.0 

m 
E% =   I      2rtpbi-3 ar 

IE 
HJ+ ^  -    J      2srpb- HI - •) r 4r 

K5 = /     2*pb2/i - aW2 dr 
Jo ' * 

(3) 

•where r is the spanwise coordinate along a blade}   E iß the tip 
radius, and p, b, a have the same meaning as in wing flutter 
theory (reference 2), namely: 

p    mass of air per unit of volume 

b    ha .If chord of blade 

a     chordwise distance of elastic axis (assumed to coincide -with 
center of mass) aft of midchord, divided by b. Leading 
edge is -1; trailing edge is X« 

For the two blades rigidly connected so as to have a coning angle ßQ 
and collective pitch setting 6Q    the corresponding parameters, with 
apparent mass included, are: 

A« « A cos2ßQ + B(l + K) sin
20o sin

2ß0 + C cos
20o sin

2ß0 

B* =: B(l + K) COQ^O + C sin%Q (^ 

C* = A sin2ß0 + B(l + K) sin
2© cos2ß0 + C cos

20 cos2ß( 
i 

'J 
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JLjfmB^ cos eo cos ßo-Hg din eo sin ß0 (cos 20 0 cos ß0 + 2 cos 0O sin ß0j 

-H^ sin 0Q sin ßQ cos ßQ + H^ sin2 ßQ 

Kg* s H2 cos 0O (cos 20o cos ßQ - 2 sin2 eo sin ß0) ^(5) 

P ?> ! Hv* a  -2S1 sin 90 cos 9Q sin 8Q coscß0 + H|^ cos 0O cos ßQ cos&2ß0 j 

E=* = -SSg sin 0Q Bin ßQ cos ßQ + H~ cos^ßQ 

then 

C - B»      %* IA =»  -  + 
A< A* 

LB 
- c> ' At _jH5f 

EB-3T 

B« 

V 

3« 

=D« A' 

% 
t - 

(6) 

•where    1%    la the spring constant in the feathering degree of freedom. 

Special Cases 

For a homogeneous rectangular "blade the expressions in eola- 
tions (3) "became 
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•Tx »  -2aKB 

2      2 b 

'-••>=-3a(l - aHA 

r5 - 2(|- - a)K3 

> (7) 

also 

2-3£ (8) 

If the "blade mass Is distributed in the plane of the span and chord 

A + 3 » C 

If p 3 ar.a other third-order angle terms and certain other com- 

binations of smell terms are nerf-ected, equations (h)  an". (5; 
•become 

A* = A + Bß 2 

Bp . £(1 + K)   - KS0O
S 

C s 0 .  3ß, fcG. 

H^ , Hl v £. ÖQ-    ''•     ^O 
o\ 

>WQ - Voßo + Vo8r 
i»g

a + ßQ
2 \ V «H2(l  - 

\ 

\ * / 

(9) 

H,= .-.  -2H29ofja + F5{X -8&0«) 
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Combining eauations {6)f  (7)> (8), and (9) 'giTes 

j .  1  (l - |ß0
2 + K|   {- (1 + 2a) * (2 + a)90

2 + (l-a)Po
a 

1*1 Po2  V L 

•I^of[--(|-)|] 

1 - 20oS - <| - a) * + 43 I 6<P° + 9°2 + Kl - a)ß°2] 
Sf    •«-      ••-• n ii»    ii    . I'JUI ill   i)„n7.i    .    i ill,  i  ii I.HWI.II.W..». Hi .I i ^        .i   •—       -   ii 

fc 4- K   - Kfc>2 

%~ 
1 +IC   - K90

2 

t- 
E -aK- ?& - *) 

2  f   o 2s 

lx s j _  ^ - QJE    I •fa  ~o^o 

3      p 
1 + I ßo 

%      •*[3fi-)(^^^)-^(^»--"og) 
EC- 'S (1,|^)|(l.-^£) 

><*>) 

v= % 

•• jtf H^ 
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STABILITY CHART 

Stability cortditiona in terms of physical parameters can now 
"bo computed from equations (2) and (1Q) „ Figure 1 is a plot of 

n/fäJZ against    {3      for fixed values of the other parameters. 
The  quantity       \f%e/Ä-   my ^6 recognized as the natural frequency 
of the control system and "blade in feathering motion at zero 
coning angle. 

The following constant values were assumed in the calculations: 

- * 1000 
A 

f */33oO 

K = 0,018 

5g   =  0.806 

IB   =   1 

Those values could he realized approximately,   in a "blade having 
the following characteristics: 

Eadius,  feet ,     23-75 
Chord, feet «  1.5 
Weight, pounds    >*•.••«••••••,.  l80 

The value 0=0 has, for simplicity, "been chosen in this first 
calculation, An Inspection of the eq.uations indicates that positive 
pitch angles 6    make the rotor more unstable. The effect of the 
chordwise center of mass upon the stability is indicated "by the 
different curves. It is noted in particular that instability can 
occur even if the center of mass Is ahead of the 2p-parcent-chord 
position. 

DISCUSSION OF RESULTS 

The present theory appears to check, in a general way, the 
observations that instability of a two-blade see-saw rotor with a 
conins angle can occur even with the center of mass at or ahead 
of the 25-percent-chord position. 
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The theory shows that instability depends strongly upon coning 
angle and tc a lesser extent upon pitch sotting.    A cbuiy of the 
parameters employed in the analysis shows that    1^   and   STJ    chaag3 
over a wide range with cheinges of coning angle and pitch setting, 
whereas    Ig    and   Ho    are relatively insensitive to angle changes. 
It appears after some experience with this type of analysis that the 
parameters    1^    and    H^ . are useful one3 for designers to study in 
considering the ei'fect of vai'ious design changes upon stability* 
Changes that increase the positive value of    I&    improve the stahility. 
Exanip3-os arc forward movement of the chordwise center of mass, 
decrease of coning angle,  and decrease of aspect ratio.    The 
parameter   En    arises from a term representing aerodynamic damping 
in feath=*rins oscillaticn.    This type of term is franvsntlj Ignored 
in studies of rotor-blade dynamics*  hut it seems to he  important 
fcr evaluating the effeccivr-ness of Increased control system 
stiff oess in overcoming instability3     If    En,    is arbitrarily allowed 
to approach zero in th:;  stahillty condition (2),   this condition 
reduces to 

XB(I - XA) < ° 

which doeB not contain J5Q '•,    It can he shown that the curves of 
figure 1 then become vertical straight linos and erroneously 
predict that stability is independent of rotor speed and control- 
system stiffness. 

Condition (2) snows that if a rotor is stähle for AQ
(
 = 0 

It will "be stähle for a-Ti values of 3%f» These points, corre- 

sponding to S^tf as o, therefore represent important sufficient 
conditions fcr stability. If Kg1 is allowed to apprca':-li zero 
in condition (2), the sufficient condition for stahillty becomes 

1 - ZA O 

%'HB 

The part of thic expression that is sensitive to angle changes is 
the parameter 

P = y - JA_ 

% 
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which can be expressed in the form 

A1 4- BT - Cf + Hi» 
P = 

V 

For stability the psrameter    P    should not "be larger than a certain 
positive quantity determined mainly by    Hg,    Changes in a ship that 
decrease  the positive magnitude of    P    will improve  the  stability. 
If    P    is evaluated in terms of angles from equations (10),it 
becomes,  with certain small terms neglected 

P    Z 

52? +2e ß   » (i + aa) + 2 -S- + 1 eoß0 B. 

tt 
-a 3^- - he ft&, o^o 

HOW TO PREVENT INSTABILITY 

Insofar as the present theory has included the correct degrees 
of freedom and types of forces to account for the phenomenon of 
instability it can "be used to indicate the effect of proposed 
remedies,   such as the  increase of control-system stiffness,forward' 
displacement of chordwise center of mass, decrease of coning pjr\£le, 
or decreaee of aspect ratio. 

The general result of the analysis is that a eee-sav rot-.-„r with 
a coning angle is more unstable  than an airplane wing hiring 
corresponding parameters.    The additional unstabil!zing effect is 
associated with the difference  in moments of inertia in flapping 
and in rotation,    A rotor is most stable when the moment of  inertia 
in rotation    0t     is larger than the moment of inertia in flapping   B*. 
The main effect of increased coning angle appears to be to decrease C 
Without making a compensating change in   B*.    Configuration© that 
tend to confine the mass distribution to the plane of rotation are 
therefore dösirable for stability,     Configurations  that tend to 
spread out the masa in the plane of flapping are un&osirable fcr 
stability. 
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The effect of mechancial damping has not "been explicitly 
treated, "but it is expected to have a stabilising effect "by general 
analogy with, wing flutter theory. 

Lang.ley Memorial Aeronautical Laboratory 
National Advisory Committee for Aeronautics 

Langloy Field, Va. 
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